An equivariant Poincar\'e series of filtrations and monodromy zeta
  functions by Campillo, A. et al.
ar
X
iv
:1
40
5.
30
05
v1
  [
ma
th.
AG
]  
13
 M
ay
 20
14 An equivariant Poincare´ series of filtrations and
monodromy zeta functions∗
A. Campillo, F. Delgado,† S.M. Gusein-Zade ‡
Abstract
We define a new equivariant (with respect to a finite group G action)
version of the Poincare´ series of a multi-index filtration as an element of
the power series ring A˜(G)[[t1, . . . , tr]] for a certain modification A˜(G)
of the Burnside ring of the group G. We give a formula for this Poincare´
series of a collection of plane valuations in terms of a G-resolution of
the collection. We show that, for filtrations on the ring of germs of
functions in two variables defined by the curve valuations corresponding
to the irreducible components of a plane curve singularity defined by
a G-invariant function germ, in the majority of cases this equivariant
Poincare´ series determines the corresponding equivariant monodromy
zeta functions defined earlier.
Introduction
It was shown (see, e.g., [1]) that the multi-variable Poincare´ series of the multi-
index filtration on the ring of germs of functions in two variables defined by
the curve valuations corresponding to the irreducible components of a (re-
ducible) plane curve singularity C coincides with the multi-variable Alexander
polynomial of the corresponding algebraic link C ∩ S3ε ⊂ S
3
ε . Up to now this
coincidence has no conceptual explanation. It is obtained by direct compu-
tations of the both objects in the same terms and comparison of the results.
Generalizations of this relation (e.g., to an equivariant setting) can help to
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understand a reason for it. A possibility to try to get an equivariant general-
ization of this relation was restricted by the lack of equivariant versions of the
Poincare´ series of filtrations and of the monodromy zeta functions.
There were several attempts to define equivariant versions of the Poincare´
series and of the monodromy zeta functions for a finite group G action: [2], [3],
[6], [7]. In particular, in [2] an equivariant version of the Poincare´ series was de-
fined as an element of R1(G)[[t1, . . . , tr]], where R1(G) is the subring of the ring
of representations of the group G generated by the one-dimensional represen-
tations. This version appeared to be useful for computation of Seiberg-Witten
invariants of the links of the so-called splice-quotient surface singularities (see,
e.g., [10]). However a comparison of the equivariant versions of the Poincare´
series and of the monodromy zeta functions was difficult since they were ele-
ments of different rings. The notion of the (usual, non-equivariant) Poincare´
series is related to the notion of integration with respect to the Euler charac-
teristic: see, e.g. [1]. An “equivariant version” of the ring Z of integers is the
Burnside ring A(G) of the group G, i.e. the Grothendieck ring of finite G-sets
(see, e.g., [11]). In some approaches an equivariant version of the Euler char-
acteristic is an element of the Burnside ring. In [6] and [7] equivariant versions
of the monodromy zeta function were defined as elements of the power series
rings (A(G)⊗Q)[[t1, . . . , tr]] and A(G)[[t1, . . . , tr]] respectively.
Here we define a new equivariant version PG{νi}(t1, . . . , tr) of the Poincare´
series as an element of A˜(G)[[t1, . . . , tr]] for a certain modification A˜(G) of the
Burnside ring ({νi} is a collection of order functions on the ring of germs of
analytic functions of a complex analytic space). A reduction of this series is an
element of A(G)[[t1, . . . , tr]]. We give a formula for the equivariant Poincare´
series PG{νi}(t1, . . . , tr) of a collection {νi} of plane valuations in terms of a G-
resolution of the collection. This formula uses a pre-λ-structure on the ring
A˜(G). We also correct a certain inaccuracy in the corresponding formula in
[3] (and of its use in [4]). We show that (with some exceptions) the equiv-
ariant Poincare´ series of a collection of curve valuations corresponding to the
irreducible components of a plane curve singularity defined by a G-invariant
equation determines the corresponding equivariant monodromy zeta-functions
from [6] and [7] by a simple algorithm.
1 The equivariant Poincare´ series
We shall consider the Grothendieck ring of finite G-sets with an additional
structure.
Definition: A finite equipped G-set is a pair X˜ = (X,α) where:
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• X is a finite G-set;
• α associates to each point x ∈ X a one-dimensional representation αx of
the isotropy subgroup Gx = {a ∈ G : ax = x} of the point x so that, for
a ∈ G, one has αax(b) = αx(a
−1ba), where b ∈ Gax = aGxa
−1.
Let A˜(G) be the Grothendieck group of finite equipped G-sets (with respect
to the disjoint union of equipped G-sets). The cartesian product X˜× Y˜ of two
equipped G-sets X˜ = (X,α) and Y˜ = (Y, β) is the pair (X×Y, γ), where X×Y
is the cartesian product of the G-sets X and Y with the diagonal G-action and
γ(x,y)(b) = αx(b)βy(b) for b ∈ G(x,y) = Gx∩Gy. The cartesian product defines a
ring structure on A˜(G). The class of an equipped G-set X˜ in the Grothendieck
ring A˜(G) will be denoted by [X˜ ]. The unit 1 in the ring A˜(G) is represented
by the one-point G-set G/G with the trivial representation of (the isotropy
subgroup) G associated to it. As an Abelian group A˜(G) is freely generated
by the classes of the irreducible equipped G-sets [G/H ]α for all the conjugacy
classes [H ] of subgroups of G and for all one-dimensional representations α of
H (a representative of the conjugacy class [H ] ∈ ConjsubG).
Example. The Burnside ring A(Z2) of the cyclic group of order 2 is the free
abelian group generated by the classes 1 = [Z2/Z2] and [Z2/(e)]. The ring
A˜(Z2) is the free abelian group generated the classes 1, [Z2/Z2]σ and [Z2/(e)]
where the class [Z2/Z2]σ is represented by the one-point Z2-set Z2/Z2 with the
nontrivial representation of Z2 associated to the point. The multiplication is
defined by [Z2/Z2]σ · [Z2/(e)] = [Z2/(e)].
Let R1(G) be the subring of the ring R(G) of representations of the group G
generated by the one-dimensional representations. (If the group G is Abelian
one has R1(G) = R(G).) There are natural homomorphisms from the ring
A˜(G) to the rings A(G), Z and to R1(G) respectively. The reduction ρ :
A˜(G)→ A(G) is defined by forgetting the representation corresponding to the
points. The reduction ρˆ : A˜(G) → Z is defined by forgetting the representa-
tions and the G-action. (Thus one gets an element of the Grothendieck ring of
finite sets isomorphic to Z.) The homomorphism ε : A˜(G)→ R1(G) is defined
in the following way. For an equipped G-set X˜ = (X,α), let XG be the set of
fixed points of the G-action. For each point x ∈ XG, αx is a one-dimensional
representation of the group G (coinciding with the isotropy subgroup). Thus
one gets a finite set with a one-dimensional representation of G associated to
each point. The Grothendieck ring of such sets is R1(G). One define ε([X˜]) as
[(XG, α|XG)] ∈ R1(G).
Remark. In [3] there were defined a notion of a (“locally finite”) (G, r)-set
and the corresponding Grothendieck ring K0((G, r)− sets). One can see that
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a finite (G, r)-set is an equipped G-set with an additional structure (a Zr≥0-
valued function on it). Therefore each finite (G, r)-set defines a finite equipped
G-set.
A pre-λ-structure on a ring R is a map from R to 1 + tR[[t]] (u 7→ λu(t),
u ∈ R) such that λu+v(t) = λu(t)λv(t): see e.g. [8]. In what follows we shall
use a (particular) pre-λ-structure on the ring A˜(G). Since λ1(t) will be equal
to (1 − t)−1 = 1 + t + t2 + · · · , we shall denote λu(t) by (1 − t)
−u. We shall
define
λ[X˜](t) = (1− t)
−[X˜] := 1 + [X˜ ]t + [S2X˜ ]t2 + · · · , (1)
where SkX˜ are the symmetric powers of the equipped G-set X˜ defined below.
For an equippedG-set X˜ = (X,α), its symmetric power SkX˜ is an equipped
G-set described in the following way. It is the pair (SkX,α(k)) where SkX =
Xk/Sk is the k-th symmetric power of the G-set X (with the natural action of
G on it). Let an unordered collection {x1, . . . , xk} represent a point of S
kX .
One can write it as {µ1y1, . . . , µsys} where y1, . . . , ys are different points from
the collection x1, . . . , xk and µi are their multiplicities,
∑
µi = k. The isotropy
subgroup of the point {x1, . . . , xk} ∈ S
kX consists of those elements a ∈ G
which act on the set y1, . . . , ys by a permutation preserving the multiplicities
of the points. Let (yi1, . . . , yiℓ) be a cycle of the permutation defined by the
action of a on {y1, . . . , ys}. The multiplicities µi1 , . . . , µiℓ are equal to each
other. Let us define β(yi1, . . . , yiℓ) as αyi1 (a
ℓ). Now α
(k)
{xi}
(a) is the product of
the factors (β(yi1, . . . , yiℓ))
µi1 over all the cycles (yi1, . . . , yiℓ) in the permuta-
tion defined by a.
Remark. The reason for this definition is inspired by the application of this
notion below and is the following one. One has to explain it for an irre-
ducible equipped G-set: the k-th symmetric power of the disjoint union of
two equipped G-sets X˜ ′ = (X ′, α′) and X˜ ′′ = (X ′′, α′′) is the disjoint union of
the products SiX˜ ′ × Sk−iX˜ ′′ over all i = 0, 1, . . . , k. Assume that the group
G acts on a germ (V, 0) of a complex analytic space (and thus on the ring
OV,0 of germs of functions on it and on its projectivization POV,0) and that
an irreducible equipped G-set X˜ = (X,α) is represented by the orbit Gh of a
function germ h ∈ POV,0 (or rather of its class there). Let Gh be the isotropy
subgroup of h in POV,0. This means that the G-set X = Gh ∼= G/Gh consists
of |G|/|Gh| points represented by a set of function germs, for an element a ∈ G
and for a function h′ from the set of function germs representing the orbit of
h, the function a∗h′ is, up to a constant factor, another function-germ from
this set, and, for a ∈ Gh′, a
∗h′ = αh′(a)h
′. Let us consider all functions of the
form h1 ·h2 · . . . ·hk, where h1, h2, . . .hk are functions from the set representing
Gh. In the application below two products of this sort can coincide in POV,0
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if and only if they consist of the same functions (in an arbitrary order, of
course). (This will be the case since all the functions from the orbit will have
different zero-level curves.) In this case this set of functions is, in the natural
way, isomorphic to the k-th symmetric power SkX of the G-set X . Let us
write a product of the functions representing Gh as {h∗ = hµ11 · . . . ·h
µs
s } where
h1, . . . , hs are different functions from the set representing Gh and µi are their
multiplicities. The isotropy subgroup of the function h∗ in POV,0 consists of
those elements a ∈ G which act on the set h1, . . . , hs by a permutation pre-
serving the multiplicities of the functions. The function h∗ is the product of
the functions corresponding to cycles of the permutation. Let (hi1, . . . , hiℓ) be
a cycle of the permutation defined by a. The multiplicities µi1, . . . , µiℓ of these
functions in the product are equal to each other. The element a acts on the
product
ℓ∏
j=1
hij by the multiplication by αhi1 (a
ℓ). Thus the element a acts on
the function h∗ by the multiplication by the product of the factors (αhi1 (a
ℓ))µi1
over all the cycles (yi1, . . . , yiℓ) in the permutation defined by a.
From the definition (1) one can see that
(1− t)−[X˜∪Y˜ ] = (1− t)−[X˜](1− t)−[Y˜ ] .
Therefore this definition in the obvious way extends to the Grothendieck ring
A˜(G) defining a pre-λ-structure on it.
Example. For G = Z2,
(1− t)[Z2/Z2]σ = 1 + [Z2/Z2]σt + t
2 + [Z2/Z2]σt
3 + · · · =
1 + [Z2/Z2]σt
1− t2
,
(1− t)[Z2/(e)] = 1 + [Z2/(e)]t+ ([Z2/(e)] + 1)t
2 + · · ·
· · ·+ (k[Z2/(e)] + 1)t
2k + (k + 1)[Z2/(e)]t
2k+1 + · · ·
=
1
1− t2
+
t
(1− t)(1 − t2)
[Z2/(e)] .
Let (V, 0) be a germ of a complex analytic space with an action of a finite
group G and let OV,0 be the ring of germs of functions on it. Without loss of
generality we assume that the G-action on (V, 0) is faithful. The group G acts
on OV,0 by
a∗f(z) = f(a−1z)
where z ∈ V and a ∈ G.
A valuation ν on the ring OV,0 is a function ν : OV,0 → Z≥0 ∪ {+∞} such
that:
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1) ν(λf) = ν(f) for λ ∈ C∗;
2) ν(f + g) ≥ min{ν(f), ν(g)};
3) ν(fg) = ν(f) + ν(g).
A function ν : OV,0 → Z≥0 ∪ {+∞} which possesses the properties 1) and 2)
is called an order function. A collection of order functions ν1, . . . , νr on OV,0
defines an r-index filtration on OV,0:
J(v) = {h ∈ OV,0 : ν(h) ≥ v} ,
where v = (v1, . . . , vr) ∈ Z
r
≥0, ν(h) = (ν1(h), . . . , νr(h)) and v
′ = (v′1, . . . , v
′
r) ≥
v′′ = (v′′1 , . . . , v
′′
r ) if and only if v
′
i ≥ v
′′
i for all i.
The notion of the Poincare´ series P{νi}(t) of the filtration {J(v)} (or of the
collection {νi} of order functions) was introduced in [5]. In [1] it was shown that
it is equal to a certain integral with respect to the Euler characteristic over the
projectivization POV,0 of the space OV,0. The coefficient at t
v (t = (t1, . . . , tr),
v = (v1, . . . , vr), t
v = tv11 · . . . · t
vr
r ) in the Poincare´ series P{νi}(t) is equal to the
Euler characteristic of the set of function germs h ∈ POV,0 such that ν(h) = v.
One of the problems to define an equivariant version of the Poincare´ series
is related to the fact that an order function ν on OV,0 is, in general, not
invariant with respect to the G-action. Therefore a G-orbit of a function does
not correspond to a well-defined monomial of the form tv. One can restrict
oneself to only G-equivariant order functions on OV,0. However this makes the
construction rather poor. Instead of that one can associate to an orbit the sum
of values of the G-shifts of the order function, i.e. the sum of the values of the
order functions a∗ν for a ∈ G. This leads to a meaningful notion. E.g., if ν1,
. . . , νr are the curve valuations defined by irreducible plane curve singularities
(Ci, 0) ⊂ (C
2, 0) (see Section 2) and µ(h) := ν1(h)+. . .+νr(h) then the integral∫
POV,0
tµ(h)dχ is equal to ∆C(t, . . . , t), where ∆C is the Alexander polynomial
(in several variables) of the link of the curve singularity C =
⋃r
i=1Ci, which
in its turn coincides with the monodromy zeta function of an equation of the
curve C.
The group G acts on the set of (order) functions on OV,0. Let ν1, . . . , νr
be a collection of order functions on OV,0. Let ωi : OV,0 → Z≥0 ∪ {+∞} be
defined by ωi =
∑
a∈G a
∗νi. The functions ωi are G-invariant.
The functions ωi are not, in general, order functions. Assume that the
order functions ν1, . . . , νr are finitely determined. This means that, for each
k ∈ Z≥0, the set {h ∈ OV,0 : νi(h) = k} is cylindric in the sense of [1].
For an element h ∈ POV,0, that is for a function germ considered up to a
constant factor, let Gh be the isotropy subgroup Gh = {a ∈ G : a
∗h = αh(a)h}
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(a 7→ αh(a) ∈ C
∗ determines a one-dimensional representation of the subgroup
Gh) and let Gh ∼= G/Gh be the orbit of h in POV,0. Let X˜h be the element
of the ring A˜(G) represented by the G-set Gh with the representation αa∗h
associated to the point a∗h ∈ Gh (a ∈ G). The correspondence h 7→ X˜h
defines a function (X˜) on POV,0/G with values in A˜(G).
The usual (non-equivariant) Poincare´ series of a collection of order func-
tions {νi} is the integral with respect to the Euler characteristic over the
projectivization POV,0 of the function t
ν(h) with values in Z[[t1, . . . , tr]]. The
equivariant version will be defined as the integral over POV,0/G of the function
X˜ht
ω(h) with values in A˜(G)[[t1, . . . , tr]]: see below. However one has to make
the notion of integration with respect to the Euler characteristic over POV,0/G
more precise. The reason is that the function X˜ht
ω(h) (or rather X˜h itself) is
not cylindric: the condition that Gh = H is not determined by a jet of the
germ h of any order. Therefore one has to change the notion of measurable
subsets of POV,0/G (i.e., of those subsets for which the Euler characteristic is
defined) a little bit.
The quotient POV,0/G is decomposed into the disjoint parts (POV,0/G)
[H],α
for all the conjugacy classes [H ] of subgroups of G and all the one-dimensional
representations α of H , where (POV,0/G)
[H],α consists of the functions h ∈
POV,0/G with the isotropy subgroup Gh conjugate to H and, for those of them
with Gh = H , the corresponding one-dimensional representation of H is α.
Let (POV,0/G)[H],α be the set of h ∈ POV,0/G such that H is conjugate to a
subgroup of Gh and, for those of them with H ⊂ Gh, the restriction of the cor-
responding one-dimensional representation of Gh to H coincides with α. (The
set (POV,0/G)[H],α is in some sense the closure of (POV,0/G)
[H],α.) In the usual
way one can define measurable (i.e., cylindric) subsets of (POV,0/G)[H],α. Now
a subset A of (POV,0/G)
[H],α will be called measurable if it is the intersection
with (POV,0/G)
[H],α of a cylindric subset B in POV,0/G
(
= (POV,0/G)[(e)],1
)
.
Its measure (the Euler characteristic) is defined by the following recurrent
equation
χ(A) = χ
(
B ∩ (POV,0/G)[H],α
)
−
∑
χ
(
B ∩ (POV,0/G)
[H′],α′
)
,
where the last sum is over all the conjugacy classes [H ′] ∈ ConjsubG such
that H ⊂ H ′, H 6= H ′ and α′|H = α. (This equation is a recurrent one
since it assumes that the measures (the Euler characteristics) of subsets of
(POV,0/G)
[H′],α′ with H ′ ⊃ H , H ′ 6= H are already defined.
Definition: The equivariant Poincare´ series PG{νi}(t) of the collection {νi} is
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defined by
PG{νi}(t) =
∫
POV,0/G
X˜ht
ω(h)dχ ∈ A˜(G)[[t1, . . . , tr]] , (2)
where tω(h) = t
ω1(h)
1 · . . . · t
ωr(h)
r , t
+∞
i should be regarded as 0.
In other words
PG{νi}(t) =
∑
χ({h ∈ POV,0 : ω(h) = w, X˜h = [G/H ]α}/G)[G/H ]αt
w ,
where the sum is over all the conjugacy classes [H ] of subgroups in G, all the
one-dimensional representations α of H and w ∈ Zr≥0.
Applying the reduction homomorphism ρ : A˜(G) → A(G) to the Poincare´
series PG{νi}(t), i.e. to its coefficients, one gets the series ρP
G
{νi}
(t) ∈ A(G)[[t1, . . . , tr]],
i.e. a power series with the coefficients from the (usual) Burnside ring. Ap-
plying the homomorphism ρ̂ : A˜(G)→ Z and ε : A˜(G)→ R1(G), one gets the
series ρ̂PG{νi}(t) ∈ Z[[t1, . . . , tr]] and εP
G
{νi}
(t) ∈ R1(G)[[t1, . . . , tr]] respectively.
Statement 1 One has
ρ̂PG{νi}(t) = P{a∗νi}(t1, . . . , t1, t2, . . . , t2, . . . , tr, . . . , tr) ,
where P{a∗νi}(·) is the usual (non-equivariant) Poincare´ series of the collection
of |G|r order functions {a ∗ ν1, a ∗ ν2, . . . , a ∗ νr|a ∈ G} (each group of equal
variables in P{a∗νi} consists of |G| of them). One has
εPG{νi}(t) = P
G(t
|G|
1 , t
|G|
2 , . . . , t
|G|
r ) ,
where PG(t) is the equivariant Poincare´ series defined in [2] (actually only for
divisorial and curve valuations on OC2,0) as an element of the power series
ring R1(G)[[t1, t2, . . . , tr]].
In [3] an equivariant version of the Poincare´ series was defined not as a
power series, but as an element of a rather big (and sophisticated) Grothendieck
ring of so-called locally finite (G, r)-sets (G-sets with an additional structure).
A locally finite (G, r)-set is a triple (X, v, α) where
• X is a G-set;
• v is a function on X with values in Zr≥0;
• α associates to each point x ∈ X a one-dimensional representation αx of
the isotropy subgroup Gx = {a ∈ G : ax = x} of the point x;
8
satisfying the following conditions:
1) αax(b) = αx(a
−1ba) for x ∈ X , a ∈ G, b ∈ Gax = aGxa
−1;
2) for any v ∈ Zr≥0 the set {x ∈ X : v(x) ≤ v} is finite.
The equivariant version of the Poincare´ series in [3] is a virtual locally finite
(G, r)-set PG{νi} = (X, v, α). Consider the function ω on X with values in Z
r
≥0
defined by
ω(x) =
∑
a∈G
v(ax) .
This function is G-invariant and thus is constant on irreducible components
of the (G, r)-set. For w ∈ Zr≥0, let Xw = {x ∈ X : ω(x) = w}. The G-set Xw
with the representations αx associated to its points is a finite equipped G-set
X˜w = (Xw, α|Xw). One can see that the equivariant Poincare´ series (2) is equal
to
PG{νi}(t) =
∑
w∈Zr≥0
[(Xw, α|Xw)]t
w .
Thus the equivariant version of the Poincare´ series from [3] determines the
Poincare´ series considered here.
2 The equivariant Poincare´ series for curve
and divisorial valuations on OC2,0
Here we write an A’Campo type formula for the equivariant Poincare´ series
mentioned in the title of the section in terms of a G-resolution. We shall treat
two types of plane valuations.
Let (C, 0) ⊂ (C2, 0) be an irreducible germ of a plane curve and let ϕ :
(C, 0)→ (C2, 0) be a parametrization (uniformization) of it (i.e. Imϕ = (C, 0)
and ϕ is an isomorphism between (C, 0) and (C, 0) outside of the origin).
For h ∈ OC2,0, let h(ϕ(τ)) = cτ
ν(h) + terms of higher degree, where c 6= 0,
ν(h) ∈ Z≥0. (If h(ϕ(τ)) ≡ 0, one defines ν(h) as +∞.) The function ν on
OC2,0 is a valuation: the so-called curve valuation.
Let π : (X ,D) → (C2, 0) be a modification of the plane (C2, 0) by a se-
quence of blowing-ups. Its exceptional divisor D = π−1(0) is the union of
irreducible components Eσ, σ ∈ Γ, each of them is isomorphic to the complex
projective line CP1. For a component Eσ of the exceptional divisor, and for
h ∈ OC2,0, let νσ(h) be the order of zero of the lifting h ◦ π of the function h
to the space X of the modification along the component Eσ. The function νσ
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on OC2,0 is a valuation: the so-called divisorial valuation (corresponding to the
divisor Eσ).
Assume that a finite group G acts on (C2, 0) (by a representation). Let
νi, i = 1, . . . , r, be either a curve or a divisorial valuation on OC2,0. We shall
write I0 = {1, 2, . . . , r} = I
′ ⊔ I ′′, where i ∈ I ′ if and only if the corresponding
valuation νi is a curve one. For i ∈ I
′, let (Ci, 0) be the plane curve defining
the valuation νi.
A G-equivariant resolution (or a G-resolution for short) of the collection
{νi} of valuations is a proper complex analytic map π : (X ,D)→ (C
2, 0) from
a smooth surface X with a G-action such that:
1) π is an isomorphism outside of the origin in C2;
2) π commutes with the G-actions on X and on C2;
3) the total transform π−1(
⋃
i∈I′, a∈G
aCi) of the curve GC = G(
⋃
i∈I′
Ci) is
a normal crossing divisor on X (in particular, the exceptional divisor
D = π−1(0) is a normal crossing divisor as well);
4) for each branch Ci, i ∈ I
′, its strict transform C˜i is a germ of a smooth
curve transversal to the exceptional divisor D at a smooth point x of it
and is invariant with respect to the isotropy subgroup Gx = {g ∈ G :
gx = x} of the point x;
5) for each i ∈ I ′′, the exceptional divisor D = π−1(0) contains the divisor
defining the divisorial valuation νi.
A G-resolution can be obtained by a G-invariant sequence of blow-ups of
points. The condition 4) means, in particular, that π is an embedded resolution
of the curve GC =
⋃
i∈I′, a∈G aCi.
Let
◦
D be the “smooth part” of the exceptional divisor D in the total trans-
form π−1(GC) of the curve GC, i.e., D itself minus all the intersection points
of its components and all the intersection points with the components of the
strict transform of the curve GC. For x ∈
◦
D, let L˜x be a germ of a smooth
curve on X transversal to
◦
D at the point x and invariant with respect to the
isotropy subgroup Gx of the point x. The image Lx = π(L˜x) ⊂ (C
2, 0) is called
a curvette at the point x. Let the curvette Lx be given by an equation hx = 0,
hx ∈ OC2,0. Without loss of generality one can assume that the function germ
hx is G-equivariant. Moreover we shall assume that the germs hx associated
to different points x ∈
◦
D are choosen so that hax(a
−1z)/hx(z) is a constant
(depending on a and x). Also we shall assume that the dependence of the germ
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hx on the point x is constructible, i.e. depends on x analytically on x ∈
◦
D
except at a finite set of points.
Let Eσ, σ ∈ Γ, be the set of all irreducible components of the exceptional
divisor D (Γ is a G-set itself). For σ and δ from Γ, let mσδ := νσ(hx), where νσ
is the corresponding divisorial valuation, hx is the germ defining the curvette at
a point x ∈ Eδ ∩
◦
D. One can show that the matrix (mσδ) is minus the inverse
matrix to the intersection matrix (Eσ ◦ Eδ) of the irreducible components
of the exceptional divisor D. For i = 1, . . . , r, let mσi := mσδ, where δ is
the number of the component of D corresponding to the valuation νi, i.e.
either the component defining the valuation νi if νi is a divisorial valuation
(i.e. if i ∈ I ′′), or the component intersecting the strict transform of the
corresponding irreducible curve Ci if νi is a curve valuation (i.e. if i ∈ I
′). Let
mσ := (mσ1, . . . , mσr) ∈ Z
r
≥0.
Let {Ξ} be a stratification of the smooth curve D̂ =
◦
D/G such that:
1) each stratum Ξ is connected;
2) for each point x̂ ∈ Ξ and for each point x from its pre-image p−1(x̂), the
conjugacy class of the isotropy subgroup Gx of the point x is the same,
i.e., depends only on the stratum Ξ.
The latter is equivalent to say that the factorization map p :
◦
D → D̂ is a
covering over each stratum Ξ.
For a point x ∈
◦
D, let X˜x be the equipped G-set defined by X˜x = X˜hx ,
where hx is the Gx-equivariant function defining the choosen curvette at the
point x (see above). The equipped G-set X˜x is one and the same for all
points x from the preimage of a stratum Ξ and therefore it defines an element
[X˜Ξ] ∈ A˜(G). Let
ωx := ν(
∏
a∈G
hax) . (3)
One can see that, for a stratum Ξ of the stratification, ωx is one and the same
for all points x from the preimage π−1(Ξ). We shall denote it by ωΞ.
Theorem 1 For a collection {νi} of curve and divisorial valuations one has
PG{νi}(t) =
∏
Ξ
(1− tωΞ)−χ(Ξ)[X˜Ξ] . (4)
Proof . Let Y be the configuration space of effective divisors on
◦
D. The space
Y can be represented as
Y =
⊔
{kα}
(∏
σ∈Γ
Skα
◦
Eσ
)
=
∏
σ∈Γ
(
∞⊔
k=0
Sk
◦
Eσ
)
,
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where
◦
Eσ= Eσ∩
◦
D, SkZ = Zk/Sk is the k-th symmetric power of the space
Z. One has the natural G-action on the space Y . Let Ŷ = Y/G be the space
of G-orbits in Y .
For a point y ∈ Y , y =
∑n
i=1 xi, let X˜y be the element of the ring A˜(G)
defined by X˜y = X˜∏i hxi . This way one gets a G-invariant map X˜ : Y → A˜(G)
and thus a map X̂ : Ŷ → A˜(G).
Let Y be the configuration space of effective divisors on the smooth curve
D̂ =
◦
D /G. The space Y can be represented as
Y =
⊔
{kΞ}
(∏
Ξ
SkΞΞ
)
=
∏
Ξ
(
∞⊔
k=0
SkΞ
)
.
Let X : Y → A˜(G) be the function on Y defined in the following way. Let
y =
∑s
i=1 ℓix̂i, where x̂i are different points from D̂ =
◦
D /G. Then
X(y) :=
s∏
i=1
[SℓiX˜hxi ] ,
where xi is a point from the preimage p
−1(x̂i) of x̂i.
There is a natural map q : Y → Y which sends a point y =
∑n
i=1 xi ∈ Y to
the point y =
∑n
i=1 x̂i, where x̂i = p(xi) is the orbit of the point xi. Let ωy :=∑n
i=1 ωxi, where ωx is ω(hx) (note that ωx depends only on the component of
◦
D containing x).
The preimage of a point y ∈ Y in Y can be described in the following
way. Let y =
∑s
i=1 ℓix̂i, where x̂i are different points from D̂ =
◦
D /G. Then
q−1(y) =
∏s
i=1 S
ℓi(p−1(x̂i)). The definition of the one-dimensional represen-
tation associated to points of the symmetric powers of an equipped G-set (or
rather the explanation of its meaning after the definition) shows that as an
equipped G-set q−1(y) is isomorphic to X(y)
Thus one has:∫
Y
X(y)tωydχ =
∏
Ξ

∞∑
k=0
 ∑
{ki}:
∑
iki=k
χ
Ξ∑ ki \∆∏
i
Ski
∏
i
[SiXΞ]
ki
 tkωΞ

=
∏
Ξ

∞∑
k=0
∑
{ki}
χ(Ξ)(χ(Ξ)− 1) · · · (χ(Ξ)−
∑
ki + 1)∏
i
(ki!)
∏
i
[SiXΞ]
ki
 tkωΞ

=
∏
Ξ
(
1 + [XΞ] t
ωΞ + [S2XΞ] t
2ωΞ + · · ·
)χ(Ξ)
,
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where ∆ is the big diagonal in Ξ
∑
ki, i.e. the set of points (x1, . . . , x∑ ki) ∈ Ξ
∑
ki
with at least two coinciding components xj. The last equation follows from
the well-known equation
1 +
∞∑
k=0
 ∑
{ki}:
∑
iki=k
m(m− 1)(m− 2) · · · (m−
∑
ki + 1)∏
i
(ki!)
∏
i
akii
 tk =
= (1 + a1t + a2t
2 · · · )m ,
see, e.g., [9].
According to the described pre-λ-structure on the ring A˜(G) one has:∫
Y
X(y)tωydχ =
∏
Ξ
(1− tωΞ)−χ(Ξ)[XΞ] .
It is sufficient to prove the equation (4) modulo the terms of degree greater
than W for an arbitrary W ∈ Zr≥0. We can assume that the resolution
π : (X ,D) → (C2, 0) is such that for any h ∈ OC2,0 with w(h) ≤ W , the
strict transform of the curve {h = 0} intersects the exceptional divisor D only
at points of
◦
D. Such resolution can be obtained from an arbitrary one by
additional G-invariant blowing-ups of intersection points of components of the
total transform π−1(GC) of the curve GC. These blowing-ups add, to the
stratification {Ξ} of D̂, strata with zero Euler characteristic and thus do not
change the right hand side of (4). Let OW
C2,0 = {h ∈ OC2,0 : w(h) ≤ W} . Let
I : POW
C2,0 → Y be the map which sends a function h ∈ O
W
C2,0 to the set of
intersection points of the strict transform of the zero-level curve {h = 0} with
the exceptional divisor D counted with the corresponding multiplicities. One
has the commutative diagram:
POW
C2,0
I
−−−→ Y
p
y yp
PO
W
C2,0/G
Î
−−−→ Ŷ
The preimages I−1(y) of points from Y are affine subspaces of POW
C2,0 (see
Proposition 2 in [1]) and thus have Euler characteristic equal to 1. This implies
that the Euler characteristics of the preimages with respect to Î of points of
Ŷ in POW
C2,0/G are also equal to 1.
One has ω = ω̂◦Î, but, in general, X˜ 6= X̂◦Î because the isotropy subgroup
of h ∈ POW
C2,0 can be different from the isotropy subgroup of its image in Y
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(being a proper subgroup of the latter). Therefore the G-orbits of a point in
POW
C2,0 and of its image in Y can be different as G-sets.
To compute the integral of the function X˜ht
ω(h) over POW
C2,0/G, we shall, for
each point ŷ ∈ Ŷ , construct a point hŷ in Î
−1(ŷ) so that X˜hŷ = X˜(y˜) = X̂(ŷ)
and the complement Î−1(ŷ) \ {hŷ} is fibred into C
∗ families of points with the
function X˜h constant along the fibres. This implies that∫
Î−1(h)
X˜hdχ = X̂(ŷ)
and the Fubini formula applied to the map Î gives (up to terms of degree
greater than W )∫
PO
C2,0/G
X˜ht
ω(h)dχ =
∫
Ŷ
X̂(ŷ)tωŷdχ =
∫
Y
X(y)tωydχ =
∏
Ξ
(1− twΞ)−χ(Ξ)[XΞ] .
Let ŷ ∈ Ŷ be the orbit of y =
m∑
i=1
xi ∈ Y and let hy :=
m∏
i=1
hxi. The isotropy
subgroup of hy in POC2,0 coincides with the isotropy subgroup of y in Y and
therefore X̂hŷ = X̂(ŷ) (here hŷ = p(hy) is the image of hy in POC2,0/G).
Let h ∈ I−1(y). The strict transforms of the curves {h = 0} and {hy = 0}
intersect the exceptional divisor D at the same points with the same multi-
plicities. Therefore the ratio ψ =
h ◦ π
hy ◦ π
of the liftings h ◦ π and hy ◦ π of
the functions h and hy to the space X of the modification has neither zeros
no poles on the exceptional divisor D and thus is constant on it. Therefore
(multiplying h by a constant) one can assume that the ratio ψ is equal to 1 on
D.
Let hλ := hy + λ(h− hy), λ ∈ C
∗. One has
hλ ◦ π
hy ◦ π
= 1 on the exceptional
divisor D. Therefore I(hλ) = I(hy) = y. Moreover the isotropy subgroup of
each hλ in POC2,0 coincides with the isotropy subgroup of h and therefore X˜hλ
is constant. This proves the statement. 
A difference between the equation (4) and the equations in Theorems 1
and 2 in [3] convinced us that the equations in [3] contain a mistake. Here
we correct this mistake and formulate a somewhat more general statement
than Theorems 1 and 2 in [3]. There we considered two cases: a collection of
divisorial valuations and a collection of curve valuations. Here we assume that
the collection {ν1, . . . , νr} may contain both kinds of valuations on OC2,0.
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Let T = (X, v, α) be a locally finite (G, r)-set. Let us define its sym-
metric power SkT in the following way. The (G, r)-set SkT is the triple
(SkX, v(k), α(k)) where SkX is the k-th symmetric power of the G-set X (with
the natural G-action), v(k)({x1, . . . , xk}) =
∑k
i=1 v(xi), where the unordered
collection {x1, . . . , xk} represents a point in S
kX and α(k) is defined as above
(for symmetric powers of equipped G-sets). If the locally-finite (G, r)-set T
is such that v−1(0) = 1 (i.e. a point), then ST =
∞⊔
k=0
SkT is a locally finite
(G, r)-set as well. The (G, r)-set TΞ defined in [3] has this property. Thus STΞ
is defined as an element of K0((G, r)− sets).
Theorem 2 One has
PG{νi} =
∏
Ξ
(STΞ)
χ(Ξ) .
The proof is essentially the one given above.
Theorems 1 and 2 from [3] where used in [4]. Thus from formal point of
view one can assume that the results in [4] are not fully proved. However
essentially we did not use the equations of Theorems 1 and 2 but only the fact
that the knowledge of the Poincare´ series PG{νi} ∈ K0((G, r)−sets) permitted to
restore the numbers
∑
Ξ:TΞ=T
χ(Ξ). In that paper this followed from the unique
factorization of the Poincare´ series of the form
PG{νi} =
∏
T
(1− T )−sT
where the product is over all irreducible elements of the ring K0((G, r)− sets)
such that v(x) > 0 for all x ∈ X , sT ∈ Z. However, in the same way, one has
the unique factorization of the form
PG{νi} =
∏
T
(ST )sT
where ST = 1 + T + S2T + · · · and the product is over all the irreducible
elements of K0((G, r)− sets) with the mentioned property. This follows from
the fact that the irreducible elements T = (X, v, α) of K0((G, r)− sets) with
v(x) > 0 can be partially ordered in such a way that
1) for k > 1, SkT contains only irreducible components greater than T ;
2) each set of irreducible components has a minimal one.
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In this case if PG{νi} = 1+ sT1+ · · · where T1 is a minimal irreducible (G, r)-set
in the decomposition of PG{νi} with s 6= 0 then P
G
{νi}
= (ST1)
s · Q where Q =
1+ . . . (monomials not smaller than T1). Then one can apply the factorization
procedure to Q and get the result. The required order can be defined, e.g.,
in the following way. For an irreducible (G, r)-set T = (X, v, α), let w(T ) :=∑
a∈G v(ax) for a point x ∈ X (one can see that w(T ) does not depend on x).
Then we say that T1 < T2 if and only if w(T1) < w(T2). One can see that a
symmetric power of an irreducible element T (with w(x) > 0) contains only
components greater than T .
3 Relations with the equivariant monodromy
zeta functions
In [6], [7], there were defined two versions of the equivariant monodromy zeta
function for a G-invariant function germ f as a series from (A(G) ⊗ Q)[[t]]
(in [6]) and from A(G)[[t]] (in [7]). We shall show that in the case when
(V, 0) = (C2, 0) (i.e. on the plane), with some exceptions, these monodromy
zeta functions can be restored (using a simple algorithm) from the equivari-
ant Poincare´ series PG{νi}(t) ∈ A˜(G)[[t1, . . . , tr]] for the set {νi} of the curve
valuations defined by the components of the G-invariant curve {f = 0}.
Let (C2, 0) be endowed with a G-representation and let f : (C2, 0) →
(C, 0) be a G-invariant function germ. Let C = {f = 0} be its zero-level
curve. Let C =
⋃r
i=0Ci be the representation of C as the union of irreducible
components (among the curves Ci one can have identical ones), and let νi be
the curve valuation defined by the irreducible curve Ci. Let P
G
{νi}
(t1, . . . , tr)
be the equivariant Poincare´ series of the collection {νi} of valuations.
Remark. Assume that one takes one irreducible component from each orbit of
the component of the curve C with the reduced structure, say, C ′1, . . . , C
′
s. The
equivariant Poincare´ series PG{νi}(t1, . . . , tr) can be obtained from the equivari-
ant Poincare´ series PG{ν′i}
(t′1, . . . , t
′
s) by substituting each variable t
′
j by the
product of the corresponding variables ti.
Let ζGf (t) ∈ (A(G)⊗Q)[[t]] and ζ˜
G
f (t) ∈ A(G)[[t]] be the monodromy zeta
functions of the G-invariant germ f defined in [6] and [7] respectively. One can-
not hope to restore the Poincare´ series PG{νi}(t1, . . . , tr) from the series ζ
G
f (t)
or ζ˜gf (t) since, in particular, the Poincare´ series is a series in a number of
variables and thus is a more fine invariant than the zeta functions. In par-
ticular, the monodromy zeta function does not determine the Poincare´ series
of a non-irreducible plane curve singularity in the non-equivariant situation,
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i.e. G = (e). (In this case the Poincare´ series coincides with the multi-
variable Alexander polynomial which can be considered as a multi-variable
generalization of the monodromy zeta function. The multi-variable Alexan-
der polynomial, but not the monodromy zeta function, determines the topol-
ogy of a curve singularity: [13], [12]). Therefore we shall discuss the possi-
bility to restore the equivariant monodromy zeta functions ζGf (t) and ζ˜
G
f (t)
from the equivariant Poincare´ series PG{νi}(t1, . . . , tr) or from its reduction
ρPG{νi}(t1, . . . , tr) ∈ A(G)[[t1, . . . , tr]].
One can easily see that
ρPG{νi}(t1, . . . , tr) =
∏
Ξ
(1− tωΞ)−χ(Ξ)[G/HΞ] (5)
where HΞ = Gx for x ∈ p
−1(Ξ) (since ρ[X˜Ξ] = [G/HΞ] ∈ A(G)).
The equivariant zeta functions can be given in terms of a G-resolution
π : (X ,D)→ (C2, 0) of the curve C. Let {Ξ} be the stratification of the space
D̂ =
◦
D /G described in Section 2. For x ∈
◦
D, let
nx =
r∑
i=1
νi(hx) = |mx| . (6)
The isotropy subgroup Gx of the point x acts on the Gx-invariant normal slice
to
◦
D at the point x (in fact the strict transform of the Gx-invariant curvette
Lx corresponding to x). Let Ĝx ⊂ Gx be the isotropy subgroup of a point of
this slice different from x.
The integer nx and the conjugancy class of the pair (Gx, Ĝx) are the same
for all the points x from the preimage of a stratum Ξ with respect to the
factorization map p :
◦
D→
◦
D /G. Therefore let us denote them by nΞ and
(HΞ, ĤΞ) respectively.
Then one has ([6], [7]):
ζGf (t) =
∏
Ξ
(1− tnΞ)
−
|ĤΞ|χ(Ξ)
|HΞ|
[G/ĤΞ] ,
ζ˜Gf (t) =
∏
Ξ
(
1− t
nΞ
|ĤΞ|
|HΞ|
)−χ(Ξ)[G/ĤΞ]
.
Let us first assume that the action of G on C2 \ {0} is free. In this case
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ĤΞ = (e) for any Ξ. Therefore one has
ζGf (t) =
∏
Ξ
(1− tnΞ)
−
χ(Ξ)
|HΞ|
[G/(e)]
,
ζ˜Gf (t) =
∏
Ξ
(
1− t
nΞ
|HΞ|
)−χ(Ξ)[G/(e)]
.
The equations (3) and (6) imply that nΞ =
|wΞ|
|G|
, Therefore the equivariant
monodromy zeta functions ζGf (t) and ζ˜
G
f (t) can be restored from the A’Campo
type decomposition of the series ρPG{νi}(t, . . . , t) in the obvious way. Thus we
have the following statement.
Proposition 1 If the G-action on C2 \ {0} is free, the reduced equivariant
Poincare´ series ρPG{νi}(t1, . . . , tr) determines the equivariant zeta functions
ζGf (f) and ζ˜
G
f (f).
Remark. The algorithm to restore the monodromy zeta functions from the
reduced equivariant Poincare´ series ρPG{νi}(t1, . . . , tr) includes the factorization
of it into the product of the binomials of the form (1− tw)−s[H],w[G/H]. Without
this factorization an algorithm is not clear.
For an arbitrary faithful action of a finite group G on C2, the equivariant
monodromy zeta functions ζGf (G) and ζ˜
G
f (G) contains some factors of the form
(1 − tk)−s[G/(e)] and also factors of the form (1 − tk)−[G/H] corresponding to
lines consisting of points with a non-trivial isotropy subgroup H . (We shall
call these lines exceptional ones.) If the representation of G on C2 is known, one
knows all these possible factors and the problem to restore the monodromy zeta
functions from the equivariant Poincare´ series is somewhat simpler. Therefore
we shall not assume the representation of G on C2 to be known.
One can see that to make it possible to restore the equivariant zeta functions
from the equivariant Poincare´ series PG{νi}(t) one has to exclude certain cases
(cf. with Theorem 3 in [4]).
Example. Let us consider two actions of the cyclic group Z6 on C
2 by rep-
resentations σ ∗1 (x, y) = (σ
2x, σy) and σ ∗2 (x, y) = (σ
3x, σy) respectively
(σ = exp(2πi/6) is the generator of Z6) and let C be the curve {x
6 = 0}. One
has P Z6{νi}(t) = (1 − t1 · . . . · t6)
−[Z6/Z6]σ , where σ is the one-dimensional repre-
sentation defined by σ ∗ z = σz. Moreover the equivariant zeta functions ζGf (t)
and ζ˜Gf (t) are different in these two cases, they are of the form (1− t
k)−s[Z6/Z2]
and to (1 − tk)−s[Z6/Z3], s 6= 0, respectively. Thus they are not determined by
the equivariant Poincare´ series P Z6{νi}(t).
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Theorem 3 Let C2 be endowed with a faithful action (a representation) of a
finite group G and let C = {f = 0} =
⋃r
i=1Ci, where some of the components
Ci may coincide, be the zero level curve of a G-invariant function germ f :
(C2, 0) → (C, 0). Assume that the curve C does not contain a smooth curve
invariant with respect to a non-trivial element of G whose action on C2 is not
a scalar one. Let {νi}
r
i=1 be the corresponding collection of valuations. Then
the G-equivariant Poincare´ series PG{νi}(t1, . . . , tr) determines the equivariant
zeta functions ζGf (t) and ζ˜
G
f (t).
Proof . Let
PG{νi}(t) =
∏
w,[H],α
(1− tw)−s[H],w,α[G/H]α
be the A’Campo type factorization of the equivariant Poincare´ series (here [H ]
runs over the conjugancy classes of subgroups of G, α is a one-dimensional
representation of H). In order to restore the zeta functions ζGf (t) and ζ˜
G
f (t)
one has to “localize” the factors corresponding to the exceptional lines and to
determine the action of the corresponding isotropy subgroups (the subgroups
preserving the lines) on them.
First we shall consider the case of an Abelian group G. This makes the
idea of the proof more transparent and permits to describe the general case in
a shorter way.
A representation of an Abelian group G splits into the direct sum of two
one-dimensional representations. The action of G can be not free on some of
the corresponding coordinate lines (on non of them, or on one of them, or on
both of them). If the action on a coordinate line is not free, this is an ex-
ceptional one. According to the assumption of the Theorem these exceptional
lines are not contained in the curve C. In the equation 4 these exceptional
lines represent a zero-dimensional strata of the stratification {Ξ} and provide
to PG{νi}(t) factors of the form (1 − t
w)−[G/G]α, where α is a one-dimensional
representation of G. Moreover , this factor has a minimal exponent w among
the factors of the form (1 − tw
′
)−sG,w′,α[G/G]α with positive sG,w′,α. This gives
the factor corresponding to one of the axis. Let us consider factors of the form
(1 − tw
′
)−s[G/G]β with β 6= α. If such factors do not exist, the action of G is
a scalar one (i.e. an element a ∈ G acts on C2 by multiplication by α(a)).
In this case the action of G on C2 \ {0} is free and thus the equivariant zeta
functions ζGf (t) and ζ˜
G
f (t) are restored from the equivariant Poincare´ series as
above (in Proposition 1). If factors of the form (1 − tw
′
)−s[G/G]β with β 6= α
exist, then the minimal among them with s positive (in fact with s = 1) cor-
responds to the other axis. Moreover, the representation of G on C2 is the
direct sum of the one-dimensional representations α and β. The appearance
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of the corresponding factors in the equivariant zeta functions depends on the
representations α and β. (If both of them are exact, the G-action on C2\{0} is
free and the way to restore the equivariant zeta functions is as in Proposition
1.)
In general, to get the equivariant zeta function ζGf (t) from the equivariant
Poincare´ series, one has to substitute the described factors (1− tw1)−[G/G]α and
(1− tw2)−[G/G]β by
(
1− t
|w1|
|G|
)− |Kerβ|
|G|
[G/Ker β]
and
(
1− t
|w2|
|G|
)− |Kerα|
|G|
[G/Kerα]
respectively. (Note that in some sense the representations α and β exchange
their positions.) All other factors have to be modified as in Proposition 1.
To get the equivariant zeta function ζ˜Gf (t), one has to substitute these two
factors by(
1− t
|w1||Ker β|
|G|2
)−[G/Kerβ]
and
(
1− t
|w2||Kerα|
|G|2
)−[G/Kerα]
respectively.
Now let G be an arbitrary finite group acting faithfully on C2. An excep-
tional line is the set of fixed points of an Abelian subgroup H ⊂ G, H 6= (e).
The elements of the normalizer NG(H) preserve the line. All other elements of
G send the line to other exceptional ones. The normalizer NG(H) is an Abelian
group. Its representation on C2 splits into two different one-dimensional rep-
resentations. (If these two representations coincide, the action of NG(H) is a
scalar one and thus NG(H), and therefore H , act freely on C
2 \ {0}.) The
corresponding coordinate lines provide into the equation (4) the factors of the
form (1 − tw1)−[G/NG(H)]α and (1 − tw2)−[G/NG(H)]β which are localized in the
same way as above (for an Abelian G). This means that one of them has a
minimal exponent w′ among the factors of the form (1 − tw
′
)−s[G/NG(H)]γ with
positive s and the other one has a minimal exponent w′ among the similar
factors with a different representation.
Now, to get the equivariant zeta function ζGf (t) from the equivariant Poincare´
series, one has to substitute the obtained factors (1 − tw1)−[G/NG(H)]α and
(1− tw2)−[G/NG(H)]β by
(
1− t
|w1|
|G|
)− |Kerβ|
|NG(H)|
[G/Kerβ]
and
(
1− t
|w2|
|G|
)− |Kerα|
|NG(H)|
[G/Kerα]
respectively.
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To get the equivariant zeta function ζ˜Gf (t), one has to substitute them by(
1− t
|w1||Ker β|
|G||NG(H)|
)−[G/Kerβ]
and
(
1− t
|w2||Kerα|
|G||NG(H)|
)−[G/Kerα]
respectively. 
References
[1] Campillo A., Delgado F., Gusein-Zade S.M. The Alexander polynomial of
a plane curve singularity and integrals with respect to the Euler charac-
teristic. Internat. J. Math., v.14, no.1, 47–54 (2003).
[2] Campillo A., Delgado F., Gusein-Zade S.M. On Poincare´ series of filtra-
tions on equivariant functions of two variables. Mosc. Math. J., v.7, no.2,
243–255 (2007).
[3] Campillo A., Delgado F., Gusein-Zade S.M. Equivariant Poincare´ series
of filtrations. Rev. Mat. Complut., v.26, 241–251 (2013).
[4] Campillo A., Delgado F., Gusein-Zade S.M. Equivariant Poincare´ series
of filtrations and topology. Ark. Mat., v.52, 43–59 (2014).
[5] Campillo A., Delgado F., Kiyek K. Gorenstein property and symmetry for
one-dimensional local Cohen–Macaulay rings. Manuscripta Mathematica,
v.83, no.3–4, 405–423 (1994).
[6] Gusein-Zade S.M., Luengo I., Melle-Herna´ndez A. An equivariant version
of the monodromy zeta function. In: Geometry, Topology, and Mathe-
matical Physics: S. P. Novikov’s Seminar: 2006–2007 (V.M.Buchstaber
and I.M.Krichever, eds.), AMS, 2008 (American Mathematical Society
Translations: Series 2, vol.224), pp. 139–146.
[7] Gusein-Zade S.M., Luengo I., Melle-Herna´ndez A. On an equivariant ver-
sion of the zeta function of a transformation. arXiv: 1203:3344.
[8] Knutson D. λ-rings and the representation theory of the symmetric
group. Lecture Notes in Mathematics, vol.308. Springer-Verlag, Berlin-
New York, 1973.
[9] Stanley R.P. Enumerative combinatorics. Vol. 2. Cambridge Studies in
Advanced Mathematics 62. 1999.
21
[10] Ne´methi, A. Poincare´ series associated with surface singularities. Singu-
larities I, Contemp. Math., v.474, 271–297 (2008).
[11] tom Dieck T. Transformation groups and representation theory. Lecture
Notes in Mathematics, vol.766. Springer, Berlin, 1979.
[12] Wall C.T.C. Singular points of plane curves. London Mathematical Soci-
ety Student Texts, vol.63. Cambridge University Press, Cambridge, 2004.
[13] Yamamoto M. Classification of isolated algebraic singularities by their
Alexander polynomials. Topology, v.23, no.3, 277–287 (1984).
Addresses:
A. Campillo and F. Delgado: IMUVA (Instituto de Investigacio´n en Matema´ticas),
Universidad de Valladolid. Paseo de Bele´n, 7. 47011 Valladolid, Spain.
E-mail: campillo@agt.uva.es, fdelgado@agt.uva.es
S.M. Gusein-Zade: Moscow State University, Faculty of Mathematics and
Mechanics, Moscow, GSP-1, 119991, Russia.
E-mail: sabir@mccme.ru
22
